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INTRODUCTION

Differential geometry and complex geometry are vital fields in modern mathematics, enabling the study of multi-dimensional
spaces through their associated algebraic and geometric structures. Among these spaces manifolds that integrate Kdhler geometry
with Clifford algebra attract significant interest due to their rich symmetrical and physical properties. In this context, this paper
focuses on the study of standard cliffordian Kdhler manifolds, specifically by examining the canonical structures defined on both
the tangent space and the cotangent space. Accordingly, a space is referred to a “ Standard Cliffordian Kdhler Manifolds” when a
specific canonical structure exists on the tangent bundle TM, in tandem with a canonical structure on the cotangent bundle T*M.

Almost Complex Structures

Let M be a differentiable manifold of class C* and dimension m > 2.
If there exists on M a tensor ]ij of Type (1,1) satisfying:

Jk =gt - 1)
Where the indices i ,j ,k = 1, ..., m the repeated indices imply summation, and € are Kronecker symbols defined by:

k_l y l=k

Then ]ij is said to define an almost complex structure on M, and the Manifold M is called an almost complex Manifold.
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For simplicity we shall call the almost complex structure defined by ]L.j the almost complex structure ]ij 1]

The Tangent and Cotangent Bundles: We define the tangent bundles of a manifold M as the (disjoint) union of the tangent
spaces ; TM = Upey T, M.

Definition
Given a smooth map f: M — N as above , the tangent maps T, f on the individual tangent spaces combine to give a map:
Tf:TM - TN - 3)
On the tangent bundle which is linear on each fiber. This map is called the tangent map or sometimes the tangent lift of f.
For smooth maps f: M — N and g:N — M we have the following simple looking version of the chain rule:
T(gof) =TgoTf - “)

If U is an open set in a finite-dimensional vector space V, then the tangent space at x € U can be viewed as {x} X V. For example,
recall that an element V}, = (p, V) corresponds to the derivation:

fowf=g fO+m) - 5)

- dtle=
Thus the tangent bundle of U can be viewed as the product U X V.

Let U, and U,be open subsets of vector spaces V and W respectively and let f : U; — U, be smooth ( or at least C ). Then we
have the tangent map Tf : TU; — TU,.

Viewing TU; as U, X V and similarly for U, , the tangent map Tf is given by (p ,v) = (f(p), Df (p).v).
Definition Define the cotangent bundle of a manifold M to be the set:
T*M =Upey TyM > (6)

And define the map 7r+y ¢ T*M — M to be the obvious projection taking elements in each space Ty M to the corresponding point
p. (2]

Cliffordian Kdhler Manifold

Here, we recalled the main concepts and structures given in [3,4,5]. Let M be a real smooth manifold of dimension m. Suppose
that there is a 6-dimensional vector bundle V consisting of F;(i = 1,2,...,6) tensors of type(1,1) over M. Such a local basis
{F,,F,, ..., F} is called a canonical local basis of the bundle V in neighborhood U of M. Then V is called an almost Cliffordian
structure in M. The pair (M, V) is named an almost Cliffordian manifold with V. Hence, an almost Cliffordian manifold M is of
dimension m = 8n. If there exists on (M,V) a global basis {F;,F,, ..., Fg},then (M,V) is said to be an almost Cliffordian
manifold; the basis {F;, F,, ..., F¢} is called a global basis for V. An almost Cliffordian connection on the almost Cliffordian
manifold(M, V) is a linear connection V on M which preserves by parallel transport the vector bundle V. This means that if @ is a
cross-section (local-global) of the bundle V ,then V4@ is also a cross-section (local-global, respectively) of V,X being an
arbitrary vector field of M.

If for any canonical basis {/;, J5, ..., J¢} of V in a coordinate neighborhood , the identities
gUX,;Y)=gX,Y), vX,YexX(M), i=12,...6 - @)

Hold, the triple (M, g, V) is named an almost Cliffordian Hermitian manifold or metric Cliffordian denoting by V' an almost
Cliffordian structure V and by g a Riemannian metric and by (g, V) an almost Cliffordian metric structure.

Since each J;(i = 1,2, ...,6) is almost Hermitian structure with respect to g, setting
O;(X,Y)=g90XY), i=12,..6 - (®)
For any vector fields and Y , we see that @; are 6 local 2-forms. If the Levi-Civita connection V= V9 on (M, g, V) preserves the

vector bundle V by parallel transport, then (M, g, V) is called a Cliffordian K dhler manifold, and an almost Cliffordian structure
®; of M is called a Cliffordian Kdhler structure. A Clifford K dihler manifold is Riemannian manifold (M®", g).
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For example, we say that R®" is the simplest example of Clifford K ¢ihler manifold. Suppose that let

{xi sy Xitn s Xivon » Xi+3n » Xivan » Xi+sn » Xitén » xi+7n} i=1n
be a real coordinate system on R®".

The frame field represents the natural bases over R of the tangent space T(R®™)of R®" and can be written:

{ 9 } L a=0123,..7 - 9)

OXan+i

The co-frame field represents the natural bases over R of the cotangent space T*(R®™) of R®" and can be written:
{dxan+i} , a= 011;213; -";7 - (10)

By a canonical local basis {J;,/,,J3} of V of the tangent space TM of Manifold M, the following expressions are obtained

a a a a a a
) =5mm G e 56w
Xi Xn+i Xi X2n+i Xi X3n+i
a a

a _ a a _ a _
]1 P) ) _T 2\s )= P) . I3 \s )= P) .
Xn+i Xi Xn+i Xan+i Xn+i Xsn+i
W) =5 12 G) = )=
! 0Xan+i 0Xan+i z 0Xan+i Ox; 3 OXon+i 0Xen+i
i} 0 a 0 i} _ a
1) T 2 T o o) T Tom
X3n+i Xsn+i X3n+i Xen+i X3n+i Xi
a a a a a a
]1(6 )=_a -]Z(a <)=a ; ]3(6 <)=a ; -
Xan+i X2n+i Xan+i Xn+i Xan+i X7n+i
a a a a a a
]1(6 -)=_a : ]Z(a <)=_a -]3(6 ‘)=a :
Xsn+i X3n+i Xsn+i X7n+i Xsn+i Xn+i
ham) = )= ) =5
1 Oxen+i Ox7n+i 2 Oxen+i 0x3n+i 3 OXen+i 0xan+i
a i} i} a a i}
]1(6 -)Z_a : ]Z(a -)za : ]3(6 -)z_a : an
X7n+i Xen+i X7n+i Xsn+i X7n+i Xan+i

A canonical local basis {J7 ,J5 ,J3} of V* of the cotangent space T*(M) of manifold M satisfies the following condition as follows:

==t = = o (12)
Defining by
Jildx;) = dxyy; J3(dx;) = dxany, J3(dx;) = dxzny;

]I(dxn+i) = —dx; ];(dxnﬂ') = —dXyn4 ];(dan') = —dXsn4

];(dx2n+i) = dXyn4i ];(dx2n+i) = —dx; ];(dx2n+i) = —dXgn4i

Ji(@x3n4) = dXspyi J3(AXany) = AXenyi  J3(dxsng) = —dx;

J1(@Xan4i) = —AXonyi J3(dXanei) = dXnyg J3(@Xan4i) = dX7py; >

JildXsni) = —dxgny; J3(AXspei) = —dX7n4i J3(dXsn4) = dxpy

J1(@Xensi) = dx7pyi  J3(dXen4si) = —dX3n4i J3(AXen4i) = dXopyg

]I(dx7n+i) = —dXgn4 ];(dx7n+i) = dXsp4i ];(dx7n+i) = —dXyn4 (13)

Definition Standard Cliffordian Kdhler Manifolds: A canonical local basis {J;, J5,J3} of V of the tangent space TM of
Manifold M and A canonical local basis {J; ,J5 ,J3} of V* of the cotangent space T*M is called Standard Cliffordian K dhler
Manifolds and satisfies Lagrangian and Hamiltonian Mechanical systems.

CONCLUSION

In this paper we conclude that there are two types of standard cliffordian Kahler manifolds:

The first type: The Standard Cliffordian K dhler manifolds on a canonical Structure of the tangent bundle .

The second type: The Standard Cliffordian K éd/ler manifolds on a canonical Structure of the cotangent bundle T*M.

Thus, we find that the canonical structure on the tangent bundle of the Standard Cliffordian K dhler manifolds satisfies Lagrangian
dynamical systems. And the a canonical structure on the cotangent bundle of the Standard Cliffordian K d/ler manifolds satisfies
Hamiltonian dynamical systems.
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