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INTRODUCTION

There are several integral transforms (Miles, 1971) like, Laplace Transform, Fourier Transform, Sumudu Transform,
ElzakiTransform, Natural Transform and Aboodh Transform, tocrack the DEs and IEs. Of these the most widely used transform is
Laplace Transform. Elzaki transform (Tarig and Elzaki, 2011; Tarig M. Elzaki and Salih M. Elzaki, 2011; Tarig M. Elzaki and
Salih M. Elzaki, 2011; Tarig M. Elzaki, AdemKilicman, Hassan Eltayeb, 2010 and Tarig M. Elzaki 2009), which is a modified
general Laplace and Sumudutrans forms, has been shown to solve effectively, easily and accurately a large classof linear
differential equations. Elzaki transform was successfully applied to integralequations, partial differential equations , ordinary
differential equations withvariable coefficients, and system of all these equations. New integraltransform, named as ZZ
Transformation (Zain UlAbadin Zafar, 2016; ZainUlAbadinZafar, 2012; Zafar, 2008 and ZainUlAbadin Zafar, 2013), intrpduce
by ZainUlAbadin Zafar (2016), ZZ transform was successfully applied to integral equations, ordinary differential equations. the
main objective is to introduce a comparative study to solve differential equations by using Elzaki transform and ZZ transform. The
plane of the paper is as follows: In section 2, we introduce the basic idea of Elzaki transform, then, ZZ Transform in 3,
Application in 4 and conclusion in 5, respectively.

Definitions and Standard ruselts

2. ElzakiTrans form
2.1 Definition :

Elzaki Transform (2). Given a function f (t)defined for all t = 0, as follow:
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EIf(©),v] = T@) = vP [ f(D)eTvdt , v € (ks k) (1)

for all values of s, for which the improper integral converges

2.2 Elzaki transform of some functions :

EQ) =v2, E(@") =nlv"?, E(e%) ==
E(sifat)) = % , E(coqat)) =

17

1+a2 2

2.2 Elzaki transform of derivatives :

i E[f'(0)]= %”)—uf (0)
£l 0= 0) - 0)

3: The ZZ Transform: 3.1 Definition:

Let (t) be a function defined for all t > 0. The ZZ transform of f (t)is the function Z (u, s) defined by
Z(u,s) = H{f (t)} = sfgof(ut)e_“dt )

provided the integral on the right side exists. The unique function f(¢)in (2) is called the inverse transform of Z (u, s)is indicated
by

f(t) =H{Z(u,s)}

Equation (2) can be written as

H{F(O) = [7 f(D)e v de 3)
3.2 ZZ transform of some functions :

H{1} =1, H{t"}=n'" = H{e®} = —_

s—ua

E(sifat)) = , E(codat)) =

sz+azu2 sz+a2u2’
3.3 ZZ transform of derivatives :
1) let H{f ()} = Z(u,s) then

n n—k
H{tf™ (@)} = i—nZ(u, s) Z in__kf(k) 0)
k=0

2) () Htf (0} =2 (2(u,9)) + 2 2(w5)
(i) H{tf (D) = —2—( Z(, s)) +2Z(u,5)
(i) H{tf'(©)} = SE(Z(M. $)) ~Z(ws)+>f(0)

4 Application :

Example 4.1consider the first order differential equation

o4 —

L ry=0 @)

With the initial condition; ,y(0) =1 (5)
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Solution:

1:Applying the Elzaki transform of both sides of Eq. (4),

d
E{Z}+ By} = E{0) ©)
Using the differential property of Elzaki transform Eq.(6) can be written as:

“E() vy(0)+E() =0 (7)

Using initial condition (5), Eq. (7) can be written as:

E(y) =2 ®)

1+v

The inverse Elzaki transform of this equation is simply obtained as
y(x) =e™ ©)
Where E (y)Is the Elzaki transform of the function y (x )

2: Applying the ZZ transform of both sides of Eq. (4),

d
H {é} + H{y} = H{0 }, so (10)
Using the differential property of ZZ transform Eq.(6) can be written as:
sz(ws)  Cy(0) +z(w,s) =0 (1)

Using initial condition (5), Eq. (11) can be written as

z(u, s) E + 1] = 3 , z(u,s) = — (12)

s+u

The inverse ZZ transform of this equation is simply obtained as
y(x) =e™ (13)
Where H is the ZZ transform of the function y (x )

Example 4.2 Let us consider the second-order differential equation

y'+y=0, (14)
With the initial condition; ,y(0) = y'(0) = 1 (15)
Solution:

1: Applying the Elzaki transform of both sides of Eq. (14),

E{y"} + E{y} = E{0} (16)

Using the differential property of Elzaki transform Eq.(16) can be written as

SE) 1+E@) v=0 (17)

Using initial condition (15), Eq. (17) can be written as

v2 " v3
v2+1  vZ+1

E(y) = (18)

The inverse Elzaki transform of this equation is simply obtained as

y(x) =cosx +sim (19)
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2:Applying the ZZ transform of both sides of Eq. (14),

H{y'} + H{y} = E{0} , s0

Using the differential property of ZZ transform Eq.(20) can be written as:
S Zus) Sy0) Sy(0)+Z(ws) =0

u2 ! u2 y u y !

Using initial condition (15), Eq. (21) can be written as

2

iZ(u s) L 24 Z(u,s) = 0, therefore
uz ) u u ) 2

2
Z(u,s) = Szi—uz + Szi—uuz

The inverse ZZ transform of this equation is simply obtained as
y(x) =cosx +sim

Example 4.3 Consider the second-order differential equation
y' 3y 4+2y=0

With the initial condition, y(0) =1, y'(0) = 4

Solution:

1: Applying the Elzaki transform of both sides of Eq. (24),
E{y’} E{3y}+E{2y}=E{0}

Using the differential property of Elzaki transform Eq.(26) can be written as

vi(v+1 2 3
FO) = gt D) e |
2v DEw 1 v 1 2v 1
—2v2 3v2
EG) = 1-v = 1-2v

Then take the inverse of ELzaki transform we get

y(x) = -2et + 3e?t .

3:Applying the ZZ transform of both sides of Eq. (24),:
H{y} H{3y}+H{2y} = E{0},s0

Using the differential property of ZZ transform Eq.(29) can be written as:
2 2 ,
FZws) SO IO 3(zws) LF0)+2Z(ws) =0

Using initial condition (25), Eq. (30) can be written as

2 2

s s s s s
;Z(u,s) " 4; 3ZZ(u,s) 3a+22(u,s)=0

su+s?

Z(u' S) = (s—u)(s—2u)

Solve equation (31) Then take the inverse of ZZ transform we get

A(x) = -2et + 3e%t

(20)

21)

(22)

(23)

(24)

(25)

(26)

@7

(28)

29)

(30)

(€2))

(32)
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Example4.4

Consider the initial value problem

y'(t) +2y'(t) +5y(t) = e tsint

With the initial conditions

y(0) =0, y(0)=0

Solution:

1: Applying the Elzaki transform of both sides of Eq. (33),

E(y" (0} + E{2y (O} + E(5y(t)} = Efe~"sin t}

Using the differential property of Elzaki transform Eq.(35) can be written as

T(v)

M v +2(

T()

4

vf (©)+5T(w) =—

(1+;)2+1

Now applying the initial condition to obtain

T(Z) v+ 2@+ 5T(v) = vz
v v 1+2) +1
() = v v

((1 +%)2 + 1) ((1 +%)2 +4) " ((1 +%)2 +4)

T(w) = 5(((1+%)2+1) ((“%)2*4)) ' (COR

Now applying the inverse Elzaki transform, we get

(t)—1 -t 'rt+1 “tsilt
y(®) =ze " si ¢ s
y(t) = %e‘t(si it + si2t).

2: Applying the ZZ transform to both sides of (33) we have

H{y ()} + 2H{y ()} + 5H{y(t)} = H{e 'sin t}

Using the differential property of ZZ transform Eq.(29) can be written as:
SZ@ws) Sy0) Sy +2(2ws) Sy(0)+52(ws) =
u? ! u? y u y ! u y !
Now applying the initial condition to obtain

s2 s -
<—2+2+5>Z(u,s) =—+—t
u u

S
u
(§+1)2+1

(33)

(34)

(33)

(36)

(37

(38)

(39)

(40)

(41
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Now applying the inverse ZZ transform, we get

y(t) = %e‘tsi It+%e‘tsi 1t

y(t) = ge_t(si It + sii2t)

Example 4.5

Consider the initial value problem

ty'(t) ty' () +y(t) =2

With the initial conditions

y(0)=2,y0)= 1

Soluton:

1. Applying the Elzaki transform to both sides of (43) we have
E{ty'(t)} E{ty' (t)}+E{y(t)} = E{2}

Using the differential property of Elzaki transform Eq.(45) can be written as

, d [T(v)

v —_—
dv| v?

o o] v 5P  vro)l

1721[M vf (0)]+v [%v) vf (0)]+T(v)=2v2

dv Lv

Ely®]=T)
Now applying the initial condition to obtain
, 1
1 I +3 (1 ;) Tw)= v? 202
Or

v2-2v2

T'(v) %T(v) = ==
Equation (47) is a linear differential equation , which has solution in the form
T(v) = cv® + 2v?( ¢ = constant)

Now applying the inverse Elzaki transform, we get

y(t) =ct+2

2: Applying the ZZ transform to both sides of (43) we have

H{y'(®)} H{'®}+Hy®)}=H{2}

Using the differential property of ZZ transform Eq.(49) can be written as

d S s uds
s—Zw,s) —Zws)+—f0)+——2Zw,s)+Z(w,s)+Z(u,s) =2
du u u sduu

Now applying the initial condition to obtain

, s 2s u?(s s
sZ'(u,s) —-Z(u,s)+— < Z'(u, s)) —ZZ(u,s) =2
u u u

S \u

Z'(u,s) %Z(u, s) =

(42)

(43)

(44)

(435)

(46)

(47)

(48)

(49)

(50)
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Equation (50) is a linear differential equation , which has solution in the form

Z(u,s) =2+ cu

Now applying the inverse ZZ transform, we get

y(t) =2+ct (51)
4) Conclusions

The main goal of this paper is to conduct a comparative study between ELzaki Transform and new integrals “ZZ Transform” . The
tow methods are powerful and efficient. Elzaki transform and ZZ transform is a convenient tool for solving differential equations in
the time domain.
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